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ABSTRACT
Recent work has suggested that the net gravitational force acting on a massive and
luminous perturber travelling through a gaseous and opaque medium can have same
direction as the perturber’s motion (an effect sometimes called negative dynamical
friction). Analytic results were obtained using a linear analysis and were later con-
firmed by means of non-linear numerical simulations which did not resolve the flow
within the Bondi sphere of the perturber, hence effectively restricted to weakly per-
turbed regions of the flow (paper I). Here we present high resolution simulations, using
either 3D Cartesian or 2D cylindrical meshes that resolve the flow within the Bondi
sphere. We perform a systematic study of the force as a function of the perturber’s
mass and luminosity, in the subsonic regime. We find that perturbers with mass M
smaller than a few Mc „ χcs{G are subjected to a thermal force with a magnitude in
good agreement with linear theory (χ being the thermal diffusivity of the medium, cs
the adiabatic sound speed and G the gravitational constant), while for larger masses,
the thermal forces are only a fraction of the linear estimate that decays as M´1. Our
analysis confirms the possibility of negative friction (hence a propulsion) on sufficiently
luminous, low-mass embryos embedded in protoplanetary discs. Finally, we give an ap-
proximate expression of the total force at low Mach number, valid both for sub-critical
(M ă Mc) and super-critical (M ą Mc) perturbers.
Key words: hydrodynamics – gravitation – planet-disc interactions – accretion,
accretion discs – black hole physics
1 INTRODUCTION
As studied analytically by Ostriker (1999) and confirmed
by the numerical simulations of Sa´nchez-Salcedo & Bran-
denburg (1999), a point-like massive perturber travel-
ling through an adiabatic, initially homogeneous, gaseous
medium is subjected to a gravitational drag, or dynamical
friction. Relaxing the assumption of adiabaticity (i.e., allow-
ing heat to diffuse through the gas), one finds an enhanced
drag on the perturber (Velasco Romero & Masset 2019, here-
after paper I). If, furthermore, the perturber is luminous and
heats its surroundings at the rate L, a new component of the
gravitational force appears, dubbed in previous work heat-
ing force, and directed along the motion of the perturber.
When the luminosity is sufficiently large, the net force can
be a propulsion on the perturber (Masset & Velasco Romero
2017, hereafter MV17), which can have important impli-
cations for scenarios of planet formation (Ben´ıtez-Llambay
‹ E-mail: david.velasco@icf.unam.mx
et al. 2015; Masset & Velasco Romero 2017; Eklund & Mas-
set 2017). In the limit of a low Mach number, paper I find
that the total force exerted over the perturber is the sum
of three forces: (i) the drag force that would be exerted if
the gas were adiabatic, (ii) the thermal cold force that cor-
responds to an additional drag when thermal diffusion oc-
curs (the perturber surroundings are then colder than they
would if the gas were adiabatic, and are flooded with addi-
tional material, mainly trailing), and (iii) the heating force
if the perturber is luminous. These results were obtained
using non-linear numerical simulations with nested meshes
which did not resolve the Bondi sphere, thereby restricted to
weakly perturbed parts of the flow. While supersonic motion
has drawn a lot of attention in recent work (e.g. Canto´ et al.
2011; Thun et al. 2016), here we restrict ourselves to sub-
sonic motion, which has a considerable interest when radia-
tive feedback is taken into account. The aim of this work is to
revisit, in the limit of a low Mach number, the behaviour of
the total force and of its thermal components (i.e. the ther-
mal cold force and the heating force) when the flow within
c© 2020 The Authors
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the Bondi sphere is resolved. We make use of the hydrocode
FARGO3D1 with a nested meshes capability (paper I) to
perform our simulations. In section 2 we describe the sys-
tem at study, and we provide a summary of the analytic
results of MV17 and their confirmation through numerical
simulations in paper I. In section 3 we present a description
of our implementation of 2D cylindrical meshes, introduce
the implementation of a more realistic thermal diffusivity,
needed for strongly perturbed parts of the flow, and present
an implementation for the release of heat into the ambient
medium. In section 4 we present our results. We first eval-
uate the magnitude of the net force, then turn to the yield
of the heating force. We subsequently analyse how thermal
forces differ from the analytical estimate arising from a lin-
ear analysis, and find a cut off at larger mass. We finally
analyse the properties of the flow at the Bondi scale around
a massive perturber using a passive tracer, for different lu-
minosities of the perturber. In section 5 we present a simple
yet effective model to account for the behaviour of thermal
forces at larger masses and in section 7 we summarise our
findings and give our conclusions.
2 DESCRIPTION OF THE PROBLEM.
The system at study consists of a point-like perturber of
mass M and luminosity L immersed in an initially uniform
gas medium, and having a constant velocity. It is naturally
simpler to perform a change of frame and consider the per-
turber to be fixed at the origin of a Cartesian reference
frame, whereas the gas has initially a uniform advection ve-
locity V directed along the z axis. The thermal diffusion in
the gas follows Fourier’s law for heat transfer with a thermal
diffusivity χ.
2.1 Governing equations
For consistency with MV17 and paper I we use ρ, v and e
to respectively denote the gas density, velocity and density
of internal energy, and we use ρ0, v0 and e0 to denote their
respective unperturbed quantities. The governing equations
of our system are then:
Btρ` ∇ ¨ pρvq “ 0 (1)
Btpρvq ` ∇ ¨ pρvb v` pq “ ´ρ∇Φ (2)
Bte` ∇ ¨ pevq ` p∇ ¨ v` ∇ ¨
ˆ
χρ∇ e
ρ
˙
“ Lδprq (3)
where Φ “ ´GM{|r| represents the gravitational po-
tential of the perturber, the last term of the left hand side
(L.H.S.) of Eq. (3) the divergence of the energy flux coming
from heat diffusion and obtained from Fourier’s law. Our
system is closed by the equation of state p “ pγ´ 1qe where
p represents the pressure and γ the adiabatic index.
2.2 Summary of previous results
Here we recapitulate the results of the analytic study using
linear perturbation theory for the heating force (MV17) and
1 https://bitbucket.org/fargo3d/public
for the thermal cold force (paper I). Analytic results were
obtained in the limit of low and high Mach numbers. The
scope of the present work being the subsonic regime, we
summarise only the results obtained in the limit of a low
Mach number.
The thermal cold force, i.e. the additional contribution
to the net force arisen from thermal diffusion, is given by
Eq. (48) of MV17:
Fcoldthermal “ ´
2piG2M2ρ0pγ´ 1q
c2s
signpVq. (4)
We emphasise its independence on the values of the thermal
diffusivity χ and velocity, and that it is directed against the
motion of the perturber, as it is an additional drag force. We
proceed with the contribution to the net force coming from
the gravitational feedback of the medium onto a luminous
perturber (MV17):
Fheating “ γpγ´ 1qGML2χc2s signpVq. (5)
This “heating” force is directed along the motion of the per-
turber, promoting therefore its propulsion over the ambient
medium. Eqs. (4) and (5) represent the asymptotic values
of the forces at vanishing Mach number. From these expres-
sions we can find the critical luminosity Lc at which these
forces cancel out, which reads (Masset 2017; Velasco Romero
& Masset 2019):
Lc “ 4piGMρ0χ
γ
. (6)
In the case of a small Mach number, a perturber with a
luminosity L “ Lc is therefore subjected to the adiabatic
drag force of Ostriker (1999). As done in paper I, we recast
our forces in terms of the following force:
F0 “ 4pipGMq
2ρ0
c2s
, (7)
with which the cold thermal force reads:
Fcoldthermal “ ´
γ´ 1
2
F0, (8)
the heating forces reads:
Fheating “ γ´ 12
L
Lc
F0, (9)
and the adiabatic force in the subsonic regime reads:
Fadi “ ´F0M´2Isubsonic (10)
where Isubsonic is given by Eq. (14) of Ostriker (1999), while
in the limit of small Mach number, Isubsonic ÑM3{3, so that:
Fadi Ñ ´M3 F0. (11)
In the limit of a low Mach number and using the linearised
equations of the perturbed flow, we show in paper I that the
net force experienced by a massive and luminous perturber
in a thermally diffusive gas medium results is the sum of
these three forces:
Ftotal “ Fadi ` Fcoldthermal ` Fheating. (12)
The linearisation of the equations for the perturbed flow is
valid outside the Bondi radius defined as:
RB “ GMc2s , (13)
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inside which the flow is highly non-linear. As done in MV17,
we define a critical mass:
Mc “ csχG (14)
under which the heat diffusion time within the Bondi radius
is shorter than the acoustic time RB{cs, and vice-versa. The
characteristic length for the advection-diffusion problem is
given by the cutoff distance:
λ “ χ
γV
, (15)
and the time that it takes the hot plume of characteristic
size λ to settle is given by:
τ “ λ
2
χ
. (16)
3 NUMERICAL IMPLEMENTATION.
3.1 Cylindrical and Cartesian meshes
As done in paper I, we initially performed simulations with
3-dimensional nested Cartesian meshes. The main domain
is given by xmin “ 0, xmax “ l, ymin “ 0, ymax “ l, zmin “ ´l and
zmax “ l (with l being half the box length), each nested mesh
covering half the domain in each coordinate of the immedi-
ately coarser mesh while doubling the resolution (so that all
levels have the same number of zones). Given the high res-
olution required to adequately describe the dynamics inside
the Bondi radius, we also resorted to the rotational symme-
try of the problem at hand to lower the dimension of our
test bed by performing 2D cylindrical simulations similar to
those of Kim & Kim (2009). These new 2D cylindrical simu-
lations have a main domain with zmin “ ´l, zmax “ l, rmin “ 0
and rmax “ l. We also take advantage of nested meshes to
increase the resolution around the perturber with this 2D
setup, with lower increments in computational cost (both
in execution time and memory usage) given the reduced di-
mensionality of the setup.
We use an adiabatic index γ “ 1.4. The perturber is
located at r0 and its potential follows Plummer’s law:
Φpri, j,kq “ ´ GMa|ri, j,k ´ r0|2 ` 2, (17)
where  is the smoothing length. In this work we use  “
0.2RB. If one considers the smoothing length as a proxy for
the perturber’s physical radius, the ratio {RB is approxi-
mately that of a Mars-sized embryo at 1 au of a solar mass
star, in a disc with aspect ratio h “ 0.05.
We monitor at each time step of the simulation the z-
component of the force exerted by the system over the per-
turber:
F “
ÿ
l
zlGMρlVl
pr12l ` 2q3{2
, (18)
where r1l is the distance from the centre of the lth cell to the
position of the perturber.
In order to measure the heating force exerted onto the
perturber in a steady state, we need to reach a physical
time of several times τ. We chose to go up to tend “ 100τ for
masses at which τ is at least an order of magnitude larger
than the acoustic time over the Bondi radius (RB{cs). For
larger masses we increased the physical time to be reached
as tend “ 100τM{Mc, in order to allow the force to settle.
This requirement on the time of the simulation imposes a
minimal size for the main domain (i.e. the lowest resolution
mesh) of the simulation: in order to avoid the acoustic sphere
triggered by the perturber at t “ 0 to reach and bounce
off the boundaries we need a box half length of at least
l “ tendpcs ` Vq. Describing the dynamics inside the Bondi
radius brings upon the need to solve this radius with a high
number of cells (from 8 up to 64 cells in our simulations).
Reaching this requirement implies a higher computational
toll as we decrease the mass (and therefore RB).
3.2 Slow initial growth of the perturber’s mass
In the initial stages of our parameter exploration we came
upon the early formation of vortices in the adiabatic sce-
nario (χ “ 0), as found for a subsonic perturber by Kim &
Kim (2009). We found that including a taper on the mass
deposition delays the formation of such vortices, which al-
lows a clean comparison against the diffusive scenario where
we have not observed this phenomenon. In this study we
use a mass taper time of several times RB{cs (from 0.5RB{cs
to 25RB{cs). We did not search for the maximum rate of
mass deposition that prevents the appearance of vortices.
We found that as long as the vortices do not appear, the
force measured in our adiabatic simulations is within a few
percent of the analytic expression of Ostriker (1999), so when
subtracting the adiabatic force from the force measured in
any of our runs, we make use of that analytical expression.
3.3 Thermal diffusion
As in paper I we were dealing with weakly perturbed flow,
the thermal diffusivity in the gas was nearly constant. For
the present work, we have implemented a more realistic
model as found for stellar media (Schwarzschild 1958) or
for circumstellar discs (Kley & Lin 1996), with the thermal
diffusion coefficient as a function of the temperature and
density:
χ “ χ0
ˆ
T
T0
˙3 ˆ
ρ
ρ0
˙´2
. (19)
For a gas with density and temperature comparable to those
of protoplanetary discs at planet forming distances from the
star, this expression stems from the following expression of
the thermal diffusivity (Paardekooper et al. 2011):
χ “ 16γpγ´ 1qσT
4
3κρ2H2Ω2
, (20)
where σ is Stefan’s constant, κ the opacity, H the disc’s pres-
sure scale height and Ω the local orbital frequency. Eq. (19)
disregards any variation of the opacity as a function of ρ and
T .
For our numerical implementation we compute the ther-
mal diffusivity at each cell interface (where heat fluxes are
evaluated) as
χi´ 12 “ χ0
ˆ
ei ` ei´1
2e0
˙3 ˆ 2ρ0
ρi ` ρi´1
˙5
“ 4χ0 pei ` ei´1q
3
pρi ` ρi´1q5 . (21)
MNRAS 000, 1–13 (2020)
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Then, similarly to Eqs. (19) to (21) of paper I, the energy
fluxes multiplied by their corresponding surfaces are:
f x
i´ 12
“ χi´ 12
ˆ
ei
ρi
´ ei´1
ρi´1
˙
S x
∆x
(22)
f y
j´ 12
“ χ j´ 12
ˆ
e j
ρ j
´ e j´1
ρ j´1
˙
S y
∆y
(23)
f z
k´ 12
“ χk´ 12
ˆ
ek
ρk
´ ek´1
ρk´1
˙
S z
∆z
. (24)
The density of internal energy is then updated as prescribed
by Eq. (22) of paper I.
3.4 Heat release
In paper I we used a simple prescription to update the in-
ternal energy of the cells near the perturber. It consisted of
a uniform release of the planet’s luminous energy within the
eight cells nearest to the planet’s position r0, as described by
Ben´ıtez-Llambay et al. (2015). Our resolution in the present
work is so high that in many runs we marginally resolve
what would be the photons’ mean free path in our high-
est resolution nested mesh. We therefore need to resort to a
more elaborated implementation of the heat release by the
perturber, and use the following prescription:
en`1i, j,k “ eni, j,k `
L
8pi3
exp
˜
´ r
1
i, j,k

¸
∆t, (25)
where r1i, j,k “ |ri, j,k ´ r0| is the distance from the cell’s cen-
tre to the perturber’s position, and  “ 0.2RB is the same
smoothing length of the Plummer’s potential. In doing so,
we assume that  has same order of magnitude than the
mean free path of the photons coming from the perturber.
In the context of embryos embedded in protoplanetary discs,
such assumption is reasonable. Tab. 1 lists the parameters
that can be derived from the fiducial cases studied by MV17.
The mean free path of photons ¯` is obtained from:
¯` “ 1
ρ0κ
. (26)
The last line of that table is the ratio of the Bondi radius of a
perturber of critical mass to the mean free path of photons.
It appears to be of same order of magnitude than the ratio
of the release length to the Bondi radius used in the present
study ({RB “ 0.2).
3.5 Tracing the gas
In order to track the gas we use a passive tracing field Ψ ” z0
to “label” each fluid element with its initial vertical position.
This field obeys the following advection equation:
BtΨ` v ¨ ∇Ψ “ 0, (27)
which differs from the evolution equation of conservative
quantities as the second term is not ∇ ¨ pΨvq. This renders
the passive tracer insensitive to compression or expansion,
and as such it can be thought of, for 2D flows, as an “opti-
cally thick” tracer, as opposed to an “optically thin” tracer,
such as the density, that would obey the standard continuity
Parameter Value at t “ 300kyr Value at t “ 1Myr
κ pcm2{gq 0.92 0.497
Mc pgq 2.55ˆ 1028 8.81ˆ 1026
¯` pcmq 2.12ˆ 1010 0.86ˆ 1010
RB,Mc pcmq 17ˆ 1010 1.63ˆ 1010
¯`{RB,Mc 0.125 0.52
Table 1. Parameters derived from table 1 of MV17 for the disc
models of Bitsch et al. (2015a) at r “ 3au. The parameters of
the first column are successively the opacity, the critical mass,
the photon’s mean free path, Bondi’s radius for a critical mass
and the ratio of the two previous rows. The first four parameters
have a lower value at t “ 1 Myr than at t “ 300 kyr. The drop
of Bondi’s radius for the critical mass is smaller than that of the
critical mass itself, as the sound speed is smaller at larger time
(see table 1 of MV17).
equation. We use the intermediate field Ψ1 “ ρΨ, which is
evolved according to:
BtΨ1 ` ∇ ¨ pΨ1vq “ 0, (28)
and can therefore be updated using the same transport rou-
tines as the density, as it obeys a similar equation. Expand-
ing this equation in terms of ρ and Ψ, then subtracting
Eq. (1), we see that Ψ obeys Eq. (27). We can then keep
track of the evolution of the field Ψ by evolving the field
Ψ1 along with the other conservative fields. We retrieve the
value of Ψ upon a conservative update from the new values
of Ψ1 and ρ using:
Ψni, j,k “
Ψ
1n
i, j,k
ρni, j,k
. (29)
4 RESULTS
4.1 Net force
We present in Fig. 1 a study of the net force for two values of
the Mach number in the subsonic regime (M “ 0.4, 0.1). We
performed simulations for a 2D array of parameters pM, Lq,
the mass M being in geometric sequence around the crit-
ical mass Mc, and the luminosity L spanning a geometric
sequence of around the critical luminosity Lc of the corre-
sponding mass [as Lc depends on M, see Eq. (6)]. We nor-
malise the force measured in the simulations to the force F0
given by Eq. (5). The vertical axis corresponds to the lumi-
nosity ratio L{Lc whereas the horizontal axis corresponds to
the mass ratio M{Mc ” RBcs{χ. These plots confirm that the
net force can be a propulsion (red region on the electronic
version of this manuscript).
As expected from the results of paper I, the higher the
Mach number, the larger the luminosity required to get a
net propulsion. The heating force needs indeed to overcome
not only the cold force (roughly constant in the limit of a
low Mach number) but also the adiabatic dynamical fric-
tion (Ostriker 1999), which increases with the Mach num-
ber. We see indeed that the luminosity required to cancel
the force (i.e. the watershed between a net drag –in blue
in the electronic version– and a net propulsion –in red in
the electronic version, shown by a thick solid line on the
plots) is „ 2Lc for M “ 0.4 for the lowest masses, whereas
MNRAS 000, 1–13 (2020)
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is it only marginally larger than Lc for M “ 0.1. From
now on we shall call sub-critical masses those which obey
M ă Mc, and super-critical masses those with M ą Mc. We
find that for sub-critical masses the critical luminosity that
separates drag from propulsion is roughly independent of
the mass, in agreement with the results of paper I, whereas
for super-critical masses it becomes increasingly difficult to
get a propulsion as the mass increases: the heating force has
therefore, for these masses, a value smaller than that of the
analytic expression of Eq. (9), even more so as the mass in-
creases. From now on we refer to this effect as the cutoff of
the force for super-critical masses.
The extent of our numerical exploration is limited, on
the left and upper sides of the plots, by the growth in com-
putational cost as we explore smaller masses and larger lu-
minosities. On the one hand, the necessity of resolving the
Bondi radius RB imposes a quadratic growth on the number
of timesteps as we reduce RB with a fixed RB{∆z ratio: for
sub-critical masses, almost by definition, the timestep is lim-
ited by thermal diffusion rather than by advection or acous-
tic waves. The maximum allowed timestep therefore scales
quadratically with the resolution in this regime, instead of
linearly, making it very expensive to simulate low masses for
a fixed number of cells per Bondi radius. On the other hand,
for super-critical luminosities, the increased temperature in
the Bondi sphere implies an increases thermal diffusivity, as
per Eq. (19), and doubling the luminosity roughly amounts
to doubling the execution time of the simulation.
Finally, since the time to establish the thermal forces
scales as M´2, as can be seen from Eqs. (15) and (16), sim-
ulations at low Mach numbers are very computationally ex-
pensive. Although it would be desirable to tackle Mach num-
bers as low as possible in order to enable the cleanest possi-
ble comparison with analytic results (which are obtained in
the limit of a vanishing Mach number), a trade off must be
made between the value of the Mach number and the extent
of our exploration of the parameter space.
In Fig. 2 we plot the luminosity required to get a null net
force as a function of the mass of the perturber, for different
values of the Mach number. The purple and red curves, in
the electronic version of this manuscript, correspond to the
solid thick lines of, respectively, the left and right plots of
Fig. 1. Assuming that the Taylor expansion of the thermal
forces in M does not contain first order term in the vicinity of
M “ 0 (a reasonable assumption motivated by the fact that
all curves of Fig. 14 of paper I have very similar slopes at the
origin, so that the first order term in M that dominates the
expression of the total force is that of the adiabatic force),
we can write to first order in M the total force using Eqs. (7)
to (12) as
Ftotal “
„
γ´ 1
2
ˆ
L
Lc
´ 1
˙
´ M
3

F0. (30)
We therefore expect this net force to cancel out for:
L
Lc
“ 2M
3pγ´ 1q ` 1 “
5
3
M` 1. (31)
The horizontal dashed lines in Fig. 2 show this critical value
of the luminosity for the different Mach numbers. We note
that for the three smaller values of the Mach number, the
curves intersect their corresponding horizontal dashed line
at M{Mc „ 30 (for M “ 0.05), M{Mc „ 15 (for M “ 0.1)
and M{Mc „ 7 (for M “ 0.2). We also note that below these
values, the curves display a slight drop (by a factor of „ 2{3
at most), so that a luminosity smaller than that expected
from Eq. (30) suffices to reverse the net force from a drag
to a propulsion. We remark that the masses quoted above
obey the approximate relationship:
M
Mc
„ 1.5M . (32)
Using Eq. (14) and (15), we can infer that the mass of a
perturber for which the net force changes sign for a lumi-
nosity approximately given by Eq. (31) (specifying to the
case γ “ 1.4) must obey:
GM
c2s
. 2λ. (33)
In other words Eq. (31) gives a correct approximate value
of luminosity required to change the sign of the net force as
long as the Bondi radius of the planet is smaller than twice
the cutoff distance λ.
4.2 Thermal efficiency
As derived by MV17, in the limit of vanishing Mach num-
ber, the yield or thermal efficiency of the heating force
η “ VFheating{L reads:
η “ γpγ´ 1q
2
ˆ
GM
csχ
˙
M, (34)
which can then be recast as
η “ pγ´ 1q
2
RB
λ
. (35)
If the heating force were to always have the expression found
by a linear analysis (Eq. 5), irrespectively of the mass of the
perturber, Eq. (35) would yield a result higher than one for
masses satisfying RB ą 2λ{pγ ´ 1q. Therefore, there has to
be a cutoff on the heating force for sufficiently large masses.
Fig. 3 shows two colour maps for the yield of the heating
force corresponding to the simulations shown in Fig. 1 (the
heating force being defined as in previous work as the force
difference between a simulation with a luminous planet and
another simulation with same parameters, except that the
planet is non-luminous). Here we can observe that indeed,
the thermal efficiency is bound by „ 0.4 for the case of a
Mach number M “ 0.4 and by „ 0.25 for the case of a
Mach number M “ 0.1 (although in this last case the plot
suggests that the efficiency could be higher for masses larger
than those considered in our exploration of the parameter
space).
4.3 Cold force
In Fig. 4 we show the cold force as a function of the mass for
different values of the Mach number in the subsonic regime.
Its value is obtained from the difference between the force
measured in a simulation with thermal diffusion and the ana-
lytical expression of Eq. (10) for the same parameters in adi-
abatic scenario. Each value is normalized to the expression
of Eq. (7). For sub-critical masses (M ă Mc or equivalently
RBcs{χ ă 1) we observe that the cold force is comparable to
MNRAS 000, 1–13 (2020)
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Figure 1. Colour maps of the net force. The left plot shows the results for M “ 0.4 while the right plot shows the results for M “ 0.1.
The red region (in the electronic version of this manuscript) corresponds to a positive net force (propulsion) while the blue region (in
the electronic version of this manuscript) corresponds to negative net force (drag). We observe that for super-critical masses (M{Mc “
RBcs{χ ą 1) the minimum luminosity required to get a net propulsion scales roughly as RB (or as the mass).
10−2 10−1 100 101 102
M/Mc
100
101
L/
L c
M = 0.05
M = 0.1
M = 0.2
M = 0.4
Figure 2. Luminosity required to cancel the net force, as a func-
tion of the mass of the perturber, for different Mach numbers. In
dashed lines we show the values obtained from Eq. (31).
the value given by Eq. (4), and that it can be marginally
larger (by up to „ 30 % for the case of M “ 0.4) than this
value. For super-critical masses (RBcs{χ ą 1), we observe
a cutoff on the thermal cold force: its value is significantly
below that given by Eq. (4), even more so as the mass (or
Bondi radius) increases. In this regime, the cold force ex-
hibits a dependence in the mass that is compatible with a
scaling of M´1 for the smallest Mach number, and a slightly
more shallow relationship for the largest values of the Mach
numbers used in our numerical exploration.
We mention that we include here simulations with Mach
numbers smaller than those considered in the 2D exploration
of the parameter space presented in sections 4.1 and 4.2.
There are two reasons for that: first, only a relatively small
number of such runs are needed in this exploration, and
second, we do not perform simulations for the lowest mass
values at low Mach numbers, as these would be too expen-
sive. Rather we focus on the asymptotic behaviour at large
mass, which can be obtained at a moderate computational
cost, in order to confirm the trends found for larger Mach
numbers.
4.4 Heating force
Now we proceed to analyse in a similar fashion the behaviour
of the heating force as a function of the mass, again, for dif-
ferent values of the Mach number in the subsonic regime.
In Fig. 5 we plot the heating force for a super-critical lumi-
nosity of L “ 8Lc. For each point we evaluate the heating
force as the difference between the force measured in a sim-
ulation with a hot perturber (L “ 8Lc) and one with a cold
perturber (L “ 0.0), all other parameters of the simulations
being the same. For all the curves presented here we observe
a heating force lower than the asymptotic value of Eq. (5),
but only marginally so for lower mass (sub-critical) planets.
For super-critical masses we observe that the heating force
also presents a cutoff (in agreement with the expectations of
section 4.2). The decay of the force in this regime is compat-
ible with a 9M´1 scaling for all Mach numbers. The curves
of this plot show some offset relative to each other. In or-
der to assess whether the x´axis variable RBcs{χ ” M{Mc
is a relevant choice, we have performed subsidiary runs at
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Figure 3. Colour maps for the yield or thermal efficiency of the heating force. The left image shows results for M “ 0.4 while the right
image shows the results for M “ 0.1. The x´axis is RBcs{χ ” M{Mc. On the low-mass side (i.e. on the left of the plots) we notice that
the efficiency increases with the mass or the Bondi radius, in agreement with Eq. (34) or (35), then saturates to values below one on the
right side.
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Figure 4. Cold force as a function of the mass for different Mach
numbers. The forces are normalized by the asymptotic value at
low Mach number obtained by a linear analysis (Eq. 4 and paper I)
for the respective mass. We observe a cutoff of the force for super-
critical masses (RBcs{χ ą 1 or equivalently M ą Mc). The black
dashed line corresponds to the cutoff formula for the cold force
presented in section 5.2.
very low Mach number for super-critical masses. Those are
found to overlap with the results for M “ 0.1 and M “ 0.05,
suggesting that the scaling found for super-critical masses is
independent indeed of the Mach number when the latter is
vanishingly small.
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Figure 5. Heating force for a luminosity of L “ 8Lc as a function
of the mass for different Mach numbers. The forces are normal-
ized to the value given by Eq. (9) with L{Lc “ 8. As in Fig. 4,
we observe a decay of the force value at larger mass. The black
dashed line corresponds to the cutoff formula for the heating force
presented in section 5.2.
4.5 Bondi sphere
Here we focus on the dynamics inside the Bondi sphere of
super-critical masses, and analyse the impact of the per-
turber’s luminosity on the dynamics. Specifically, we present
the results for a perturber of mass M “ 32Mc with a Mach
number of M “ 0.05. In Fig. 6 we show cuts of density and
temperature along the z axis for five different cases (the adi-
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abatic case, the cold case and three cases with a luminous
perturber, respectively with L “ Lc{8, L “ Lc and L “ 8Lc).
By comparing the adiabatic and cold case, we can ob-
serve the impact of thermal diffusion on both density and
temperature: the former rises in the vicinity of the perturber,
while the peak of the latter decreases around the perturber.
As mentioned in paper I, we observe that the perturber’s
luminosity tends to counteract this effect. In particular, we
recover a behaviour closely similar to that of the adiabatic
case for the critical luminosity Lc. For the case of a super-
critical luminosity, we observe an asymmetry between the
front and rear regions of the perturber, both in temperature
and density. The gas, in particular, is underdense behind the
perturber (i.e. for z ą 0), in agreement with the fact that for
the pair pM, Lq “ p32Mc, 8Lcq and a Mach number M “ 0.05,
the perturber experiences a net propulsion (see Fig. 2).
We now make use of the passive tracing field Ψ “ z0
to observe the whereabouts of the fluid elements during the
simulation. For L “ Lc the temperature and density fields
nearly coincide with those of the adiabatic case, which cor-
responds to a uniform entropy, hence we expect the entropy
gradient to vanish for L « Lc in the vicinity of the perturber.
For L ą Lc, the gradient of temperature is super-adiabatic,
and conversely the gradient of density is sub-adiabatic, so
that there is a net gradient of entropy outwards from the
perturber, hence anti-aligned with the gravity field ´∇Φ.
The opposite holds for L ă Lc, in which case the entropy
gradient in the vicinity of the perturber is aligned with the
gravity field. If the perturber were at rest and thermal dif-
fusivity would be negligible, the case L “ Lc would therefore
correspond to the onset of convection: the gas surrounding
the perturber would be stable for L ă Lc, and unstable to
convection for L ą Lc. The present setup is different from
this idealised situation, hence the flow properties are also
different. However, as we shall see in the following, there is
a clear change in the properties of the flow for a luminosity
of the order of magnitude of Lc.
In Fig. 7 we present colour maps of the tracing field for
M “ 0.1 and M “ 32Mc at t “ 200τ. Over this timescale, the
wind sweeps a distance d given by:
d
RB
“ 200
ˆ
M
Mc
˙´1 1
Mγ2 « 64, (36)
thus fluid elements on these snapshots were initially at dis-
tances almost two orders of magnitude larger than the Bondi
radius from the perturber. In Fig. 7a, we can observe en-
trapped material in a radius close to RB. It is the material
that appears in red or black colour in the electronic version
of this manuscript, as it is material that was initially at z-
values comparable to that of the perturber. In the images b
and c of Fig. 7, we present respectively the cases for a per-
turber with luminosity Lc{4 and Lc{2. We can see here that
the overall behaviour deviates little from the one observed
in the cold case. For a luminosity of L “ 0.595Lc (shown in
fig 7d), we now observe a qualitatively different behaviour
from the cold case, with a large reduction in the size of the
region with entrapped material. For the critical luminosity
(Fig. 7e) we see that the material no longer remains trapped
in the perturber’s vicinity. In fact, the material that passes
by the perturber is accelerated, as can be seen by the trail
behind the perturber (z ą 0, r ă 1´ 2). A similar behaviour
is also observed in Fig. 7f where we present the case for
L “ 8Lc. We finally mention that the critical luminosity Lc
used here has been estimated using the unperturbed value
of χ. Owing to the strong perturbations of density and tem-
perature within the Bondi radius, the effective value of χ
in that region is substantially smaller than the unperturbed
one, by virtue of Eq. (19).
5 A SIMPLE CUTOFF MODEL
5.1 Considerations from linear theory
We consider here the heating force exerted by the gas lo-
cated outside of the Bondi radius onto the perturber. For
luminosities small enough that the perturbation of density
associated to the heat release is small outside of the Bondi
radius, this corresponds to the regions of the flow where a
linearisation of the governing equations is sensible. Using
Eqs. (28) and (32) of MV17, we can express this force as:
Fc “ Fheating
„
hp`8q ´ h
ˆ
RB
2λ
˙
“ Fheating 2R
1
B ` expp´2R1Bq ´ 1
2R12B
, (37)
where R1B ” RB{2λ and Fheating is given by Eq. (9). The ar-
gument of the function h that corresponds to the radius of
exclusion must be divided by 2λ (MV17), where λ is given
by Eq. (15), in order to be dimensionless. Such an expression
(or an expression closely related in which R1B is substituted
by bR1B, where b ą 1) applies for instance to the case of an
energy release directly outside of the Bondi sphere (if, for
instance, the mean free path of the photons emitted by the
perturber is larger than the Bondi radius). In such case, lin-
ear theory can be used to evaluate the force regardless of the
perturber’s mass (as long as the plume size is much larger
than the mean free path of the photons). The yield of the
thermal force, in particular, is:
η “ pγ´ 1q2R
1
B ` expp´2R1Bq ´ 1
2R1B
, (38)
and is bound by γ´ 1. Eq. (37) entails:
Fc «
#
Fheating for MM{Mc ! 1
Fheating 2γ
Mc
M M´1 for MM{Mc " 1
(39)
In the simulations performed in this work, the energy release
occurs well inside the Bondi radius (see section 3.4), so that
the above considerations do not apply directly. However, the
forces obtained in our numerical experiments, which show
a cutoff around Mcutoff „ Mc, are compatible with those
provided by the analytic expressions obtained from a lin-
ear analysis, in which the contribution from central regions
is omitted. The extent of the central regions to be omit-
ted differs however from the Bondi radius. As we saw above,
omitting a region of the extent of the Bondi radius results in
a cutoff that occurs around Mcutoff „ McM´1. The numer-
ical experiments presented in sections 4.3 and 4.4, which
focus respectively on the cutoff of the cold force and that of
the heating force for L “ 8Lc, are well reproduced by excis-
ing a central region of size 9RB{M instead of RB. We shall
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Figure 6. Density cuts (left) and temperature cuts (right) along the z´axis at t “ 200τ. In green we show the adiabatic case, in blue
the cold case, and in orange the luminous case for three different values for the luminosity L “ 1{8, 1 and 8Lc.
determine the best size for the heating and cold forces in
section 5.2.
While the cutoff of the heating force was expected from
first principles, that of the cold force was not. It can be
understood as follows. As we saw in section 4.5, material
circulates within the Bondi sphere of a non-luminous per-
turber of super-critical mass. It does so at velocities „ cs.
The timescale required to build the enthalpy peak around
the perturber is therefore RB{cs, while the time it takes to
smooth it by thermal diffusion is R2B{χ. When this timescale
is longer than the former (i.e., when M ą Mc), a significant
enthalpy peak still subsists around the perturber (in agree-
ment with the cuts presented in Fig. 6), and the cold force
is smaller than its nominal value of Eq. (4).
5.2 A cutoff formula
We introduce the “cutoff function” c defined by:
c : x ÞÑ 2x` expp´2xq ´ 1
2x2
, (40)
so that the heating force of Eq. (37) can be simply written
as FheatingcpR1Bq. This function is nearly equal to the much
simpler function:
C : x ÞÑ 1
1` x . (41)
The functions C and c both tend to 1 for x Ñ 0 and are
both equivalent to x´1 for xÑ `8. They differ by at most
14 % in the vicinity of x “ 1. Given the dispersion of the
curves observed on Figs. 4 and 5, there is no need to handle
the more complex function cpxq and we use from now on
the function Cpxq to describe the cutoffs. As mentioned in
section 5.1, the size of the region to be omitted should scale
with RB{M, hence the argument of the function C should
scale with RB{p2λMq9M{Mc. We find that different argu-
ments should be used for the cold and heating forces. Using
the data of Fig. 4, we find that the cutoff that best fits the
cold force is CpM{2Mcq, whereas from the data for Fig. 5
we find that the cutoff that best fits the heating force is
CpM{4Mcq. The factors 2 and 4 in the denominator of the
argument are given with a one digit accuracy owing to the
significant dispersion of the curves of Figs. 4 and 5. The
cold force is therefore cut off at slightly smaller mass than
the thermal force, which explains the drop in the zero-force
luminosity found in Fig. 2, as we shall see in further detail
below. We can now provide the following expression for the
net force:
Ftotal “ Fadi ` Fcoldthermal
2Mc
M ` 2Mc ` Fheating
4Mc
M ` 4Mc , (42)
which yields same result as Eq. (12) in the limit M ! Mc.
This expression gives results compatible with those pre-
sented in section 4.1 about the luminosity required to cancel
the net force. Using a first order expansion of the force in the
Mach number, we find that the luminosity corresponding to
a zero net force reads:
L
Lc
“
„
2M
3pγ´ 1q `
1
1` M{2Mc
ˆ
1` M
4Mc
˙
. (43)
This relationship is plotted in Fig. 8, where we recover sev-
eral features of Fig. 2, which has been obtained directly from
numerical simulations. Namely, we recover (i) the existence
of a minimum below the asymptotic value at low mass, the
drop being more important for low Mach numbers, and vir-
tually nonexistent for M “ 0.4 and (ii) the fact that the
curves intersect their asymptote at larger values of M{Mc
for lower Mach number (as represented by the dots on this
figure). More precisely, Eq. (43) implies that the curves in-
tersect their asymptote for:
M
Mc
“ 3pγ´ 1qM ´ 2 “
1.2
M ´ 2. (44)
This relationship is broadly consistent with that found in
Eq. (32) in the limit of a low Mach number.
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Figure 7. Colour maps of the passive tracing field Ψ “ z0. The images correspond to a sequence of simulations with M “ 0.1 and
M “ 32Mc at t “ 200τ, for increasing luminosities L “ 0, 0.25, 0.5, 0.595, 1 and 8Lc. We draw the reader’s attention to the very different
colour scales (in the electronic version of this manuscript) for the plots a to d on the one hand, and for the plots e and f on the other hand.
The former have a maximum value near zero, revealing the existence of material trapped since the beginning of the simulation, whereas
the latter have values around „ ´200, which entails that all the material present on those maps was located much further upstream at
the beginning of the simulation, precluding the existence of trapped material. The concentric half circles on these plots represent the
smoothing length of the potential and Bondi’s radius.
6 APPLICATION TO LOW MASS EMBRYOS
IN A PROTOPLANETARY DISC
We now turn to the evaluation of the luminosity required to
get a net propulsion on low-mass embryos embedded in pro-
toplanetary discs. We stress that the present analysis cannot
be applied to giant planets. Those are surrounded by circum-
planetary discs which have a size comparable to the pressure
length scale of the disc. Only for eccentricities comparable
to or larger than the aspect ratio of the disc can these cir-
cumplanetary discs have a much smaller size. This requires,
however, that the planet is supersonic with respect to the
disc, which falls beyond the range of validity o the present
work.
We return to the values presented in Table. 1 for the disc
model of Bitsch et al. (2015b) at two different stages of its
evolution (t “ 300 kyr and t “ 1 Myr). In Fig. 9 we present
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Figure 8. Luminosity required to cancel the net force as a func-
tion of the perturber’s mass, for different Mach numbers, as given
by Eq. (43). This figure should be compared to Fig. 2.
a number of quantities derived from the luminosity required
to have a null net force, as a function of the Mach number,
for three different planet masses: one Mars mass, one Earth
mass and five Earth masses. The solid lines correspond to the
case t “ 300 kyr while the dashed lines depict the late case
at t “ 1 Myr. The top-left picture shows the luminosity to
critical luminosity ratio. As expected, it tends towards unity
at low Mach number, except for the most massive embryo,
for which a subcritical luminosity may suffice to bring the
net force to a positive value, as we saw in Fig. 8. The top
right figure shows the zero-force luminosity in units of erg/s,
the bottom-left plot shows the corresponding mass doubling
time M{ 9M, evaluated assuming that the luminosity has the
value (Ben´ıtez-Llambay et al. 2015):
L “ GM 9M
R
, (45)
where R is the physical radius of the planet, given by:
R “
ˆ
3M
4piρ
˙1{3
, (46)
where we have assumed ρ “ 3 g.cm´3. On this plot we see
that for a Mars mass a mass doubling time of „ 104 – 105
years is required to cancel out the adiabatic and cold drag
forces, while for a one Earth mass (five Earth mass) core
a mass doubling time five times longer (ten times longer)
suffices. Finally, the bottom right plot shows the ratio of the
zero-force luminosity to the Eddington luminosity:
LEdd “ 4piGMc
κ
, (47)
where c is the speed of light. This ratio is always much
smaller than one in the context of protoplanetary discs. In-
deed, using Eqs. (6) and (47), the ratio of the critical to
Eddington luminosities can be expressed as:
Lc
LEdd
“ ρ0κχ
γc
„ χ
c ¯`
, (48)
where we neglect dimensionless factors of order of unity
(such as γ) in this comparison of orders of magnitude.
The thermal diffusivity in the material of high optical
depth surrounding the embryo can be expressed as (see e.g.
Paardekooper et al. 2011):
χ „ σT
4
κρP
„ σT
4 ¯`
P
, (49)
where P is the gas pressure. Using the radiation constant
a “ 4σ{c, Eq. (49) can be recast as:
χ „ c ¯` ¨ aT
4
P
„ c ¯` ¨ Prad
P
. (50)
Substituting this result into Eq. (48), we are left with:
Lc
LEdd
„ Prad
P
. (51)
In the cold, dense environments of protoplanetary discs, the
radiation pressure is usually orders of magnitude smaller
than the gas pressure, hence the critical and zero-force lu-
minosities are also orders of magnitude smaller than the Ed-
dington luminosity, in agreement with Fig. 9. Such a state-
ment may not hold in a different context, as for instance
that of the dynamical friction on a massive black hole.
In the plots of Fig. 9 the vertical lines show the min-
imum Mach number above which the thermal force acting
on the planet can be adequately described with a dynamical
friction calculation, respectively at t “ 300 kyr (solid line)
and at t “ 1 Myr (dashed line). This minimal Mach num-
ber is found by the requirement that the response time of
the hot trail χ{v2 is smaller than the shear timescale Ω´1,
where Ω is the orbital frequency (Eklund & Masset 2017;
Fromenteau & Masset 2019). This requirement can be cast
as:
M ą r
H
c
χ
r2Ω
, (52)
where r is the distance to the star.
7 CONCLUSIONS
We have performed high resolution simulations in the sub-
sonic regime in two and three dimensions that resolve the
Bondi radius of a perturber travelling at constant speed in a
gas with initially uniform density and temperature. We have
found that for perturbers with sufficiently small mass, the
net force is in agreement with that obtained from linear the-
ory (MV17; paper I). In particular, we find a net propulsion
for perturbers with luminosities L & Lcr1 ` p5{3qMs, where
Lc is given by Eq. (6) and M is the Mach number. At larger
masses, the thermal forces are smaller than those given by
linear theory (this is the case both for the heating force or
radiative feedback onto the perturber, and for the cold force,
which is the additional drag experienced by a non-luminous
perturber in a gas with thermal diffusivity, with respect to
the adiabatic drag). In this high-mass regime, the ratio of the
thermal forces measured to those inferred from linear theory
decays as M´1 (M being the perturber’s mass), so that even
at larger masses, it is possible to obtain a net propulsion,
provided that the perturber has a high enough luminosity.
The luminosity required, however, increases sharply with the
perturber’s mass. The transition between the low-mass and
high-mass regimes (where the thermal force is 50 % of the
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Figure 9. Luminosity required to cancel the net force as a function of the Mach number for two different planet masses and at different
stages of the disc’s evolution, as given by Table. 1 for the disc model of Bitsch et al. (2015b). See text for details.
linear estimate), occurs for a mass that is independent of
the Mach number, and which is „ 2Mc for the cold force
and „ 4Mc for the heating force, Mc being given by:
Mc “ χcsG , (53)
where χ is the thermal diffusivity, cs the adiabatic sound
speed and G the gravitational constant. The fact that the
cold force is cut off at slightly lower mass than the heating
force allows perturbers in the range Mc—10 Mc to experience
a net propulsion even at subcritical luminosities. The yield
or thermal efficiency of the heating force increases with the
perturber’s mass, and saturates at values . 1 for bodies of
super-critical mass. We give in section 5 simple, approximate
laws for the cutoff of the cold force and heating force. We
provide in Eq. (42) a formula for the net force valid both for
sub- and super-critical masses.
We find that the flow around the perturber can be
complex and highly time-variable, and that it has different
topologies for low (sub-critical) and high (super-critical) lu-
minosities. Despite this complexity, the net force is nearly
constant in time and varies smoothly as the perturber’s lu-
minosity increases.
The astrophysical applications of the present study in-
clude moderately eccentric or inclined planetary embryos
embedded in gaseous protoplanetary discs (Eklund & Mas-
set 2017; Fromenteau & Masset 2019) or the dynamical fric-
tion on a massive black hole after a galactic merger event
(Park & Bogdanovic´ 2017, 2019).
The analysis presented here assumes that heat trans-
fer between gas parcels obeys a diffusion equation such as
that of Eq. (3). When heat diffusion is effected by radiative
transfer, this assumption is reasonable as long as the mean
free path of the photons is much smaller than the plume size
and the Bondi radius of the perturber. When these assump-
tions break, more realistic calculations including radiative
transfer should be undertaken. Also, the smoothing length of
the potential adopted here is adequate for embryos typically
Mars-sized. Describing larger mass embryos with a smooth-
ing length of the potential comparable to the physical radius
of the embryo would require numerical simulations with an
even higher resolution than those presented here.
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